A nozzle throat erosion problem occurs in developing a 15 kN-thrust class motor. To obtain a history of the nozzle throat area in a hybrid rocket static firing test, a new method is developed. Although the specific heat ratio of the combustion gas, which depends on the oxidizer to fuel ratio ξ, is necessary to calculate a nozzle throat area, it is difficult to obtain temporal ξ in hybrid rockets. A reconstruction technique, which estimates temporal ξ, needs chamber pressure, oxidizer flow rate, and nozzle throat area as input data. These two equations are solved simultaneously to acquire two convergence calculations for nozzle throat area and ξ. The new method was applied to a static firing test. The results show a typical erosion history, showing the validity of this method.
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A nozzle throat erosion problem occurs in developing a 15 kN-thrust class motor. To obtain a history of the nozzle throat area in a hybrid rocket static firing test, a new method is developed. Although the specific heat ratio of the combustion gas, which depends on the oxidizer to fuel ratio ξ, is necessary to calculate a nozzle throat area, it is difficult to obtain temporal ξ in hybrid rockets. A reconstruction technique, which estimates temporal ξ, needs chamber pressure, oxidizer flow rate, and nozzle throat area as input data. These two equations are solved simultaneously to acquire two convergence calculations for nozzle throat area and ξ. The new method was applied to a static firing test. The results show a typical erosion history, showing the validity of this method. 
Introduction
Hybrid rockets have been developed to promote a small-scale explosive-free launch system. A main purpose is to drastically reduce the cost of sounding rocket experiments. We have been developing CAMUI-type hybrid rocket based on this motivation. 1) Nozzle throat erosion problem occurs in developing a 15 kN-thrust class motor. Figure 1 shows histories of chamber pressure and thrust in a static firing test of the motor. Assuming constant exhaust velocity and nozzle throat area, the thrust is proportional to the combustion chamber pressure. In the experiment, the chamber pressure (red line) started to decrease more rapidly than the thrust (blue line) 4 s after ignition. This rapid pressure decrease may due to the start of the nozzle throat erosion. In fact, the nozzle throat diameter increased from the initial value of 67.3 mm to 74.5 mm during firing.
In liquid rockets, liquid fuel is in common use as a coolant to protect the nozzle from the intense heating.
2) Because hybrid rockets generally use a combination of solid fuel and liquid oxidizer, this method is not in the options. Therefore, as well as solid rockets, heat resisting materials such as graphite or carbon composite are employed to protect the nozzle. In solid rockets, there are many experimental and/or numerical studies for nozzle throat erosion.
3) Bianchi showed by numerical simulations that erosion rate of hybrid rockets is 1.5 to three times larger than that of solid rockets. 4) However, experimental data to verify their numerical model has not been accumulated yet.
The lack of data of nozzle erosion in hybrid rockets is mainly due to the difficulty measuring temporal fuel flow rate during firing. Only for the liquid side of the propellants, oxidizer in many cases, we can measure the flow rate. If we can measure the temporal fuel flow rate, we can calculate the specific heat ratio  of the combustion gas theoretically to use Eq. (1), the relationship between a supersonic nozzle area ratio and pressure ratio, to obtain the temporal nozzle throat area. In solid rockets, we can employ this method because the composition of the combustion gas is predetermined by the composition of the solid propellant. Therefore, obtaining the nozzle erosion progress is a unique challenge of hybrid rockets.
To obtain the temporal specific heat ratio κ, the temporal oxidizer to fuel ratio ξ during firing is necessary. Some researchers have developed various reconstruction techniques [5] [6] [7] to obtain ξ from measurable data such as chamber pressure P c or oxidizer flow rate o m  . Common to all of the reconstruction techniques ever proposed, nozzle throat area A t is necessary as an input data. Accordingly, the nozzle throat erosion causes error in the calculated ξ. On the other hand, ξ is necessary to calculate the temporal nozzle throat area by Eq. (1) . A key of the present study is to solve the specific heat ratio and the nozzle throat area simultaneously. This new method was verified experimentally using a 15 kN-thrust class CAMUI-type hybrid motor. Figure 2 shows the outline of the experimental apparatus. It mainly consists of a pressurization device using helium, a LOX reservoir, and a combustion chamber. A nichrome wire ignites an igniter fuel by electrical heating. The motor is a CAMUI-type 1) and high density polyethylene was used as a solid fuel. A video camera monitors the exit of the exhaust nozzle. Ignition is easily detected by a smoke out of the nozzle. A few seconds after ignition, liquid oxygen (LOX) flows into the combustion chamber. After a prescribed firing duration, LOX feeding stops. Simultaneously, nitrogen gas purges the combustion chamber to stop firing quickly. Main measurement items during a firing were combustion chamber pressure, nozzle duct pressure near the nozzle exit, thrust, and LOX flow rate. A load cell measures the axial thrust and a differential pressure type flow meter in the LOX feeding line measures the LOX flow rate. After a firing test, residual fuel grain was recovered from the combustion chamber to measure the amount of fuel consumption. The nozzle is a made of graphite material (G347, Tokai Carbon Co., ltd.) and its density is 1.85 kg/m 3 . Figure 3 shows the nozzle design and pressure measurement points. It has conical shape as shown in Fig. 3 . Note that nozzle duct pressure are measured at 4.5 mm in front of the nozzle exit plane as P d,ex . Therefore, the experimental nozzle duct pressure P d,ex is very close to but not the nozzle exit pressure.
Static Firing Test
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Data Reduction Method
To obtain oxidizer to fuel ratio ξ and specific heat ratio κ, a data reduction method explained below is employed. This calculation needs thrust F, chamber pressure P c , oxidizer mass flow rate o m  , and total fuel consumption M ' f as input data. We used the CEA 8) code to calculate the theoretical nozzle exit velocity V e,th and theoretical nozzle exit pressure P e,th , employing "infinite area combustor" model with the shifting-flow assumption. The effect of the choice of shifting or frozen calculation is discussed in Section 4. Experimental data was filtered by running averages with 20-period and used as input data of the reconstruction technique. Therefore, the original time resolution of 200 Hz reduced to 10 Hz.
The following equation gives temporal propellant flow rate;
Assuming a constant nozzle discharge coefficient λ and using Eq. (2), thrust equation is given by Eq. (3).
A theoretical calculation provides V e,th and P e,th as function of P c , ξ and nozzle expansion ratio ε as shown in Eq. (4).
Unknown value in Eq. (3) are λ and ξ. By assuming a certain value for λ, we can obtain ξ by solving Eq. (3). The bisection method with the stopping criterion of 10 -6 convergence was employed to solve the equation for ξ.
After obtaining ξ, the following equation provides the temporal value of the fuel flow rate;
The integral of the Eq. (5) gives the total fuel mass consumption during a firing;
The value of λ is adjusted so that the calculated total fuel mass consumption M ' f agrees with the experimental value M f by solving Eq. (7) by the bisection method with the stopping criterion of 10
The specific heat ratio κ is a function of the chamber pressure P c and oxidizer to fuel ratio ξ. The specific heat ratio κ in the chamber is evaluated by the CEA 8) code. On the other hand, the reconstruction technique needs nozzle expansion ratio ε or the nozzle throat area A t as shown in Eqs. (3) and (4) . Therefore, Eq. (1) and (3) should be solved simultaneously for temporal nozzle throat area A t Because temporal nozzle throat area A t is necessary to solve Eq. (3), we have to assume some nozzle throat area history to start a calculation. Firstly, we employed a constant nozzle throat area, being equal to the initial value of 3557 mm 2 , during firing duration. Eq. (8) shows the criteria to judge the convergence of the solution. Here, σ is the standard deviation of the temporal values of the nozzle throat areas before and after a calculation step. The iterative calculation stops when the standard deviation σ falls below 1.0;
where N is sampling number and expresses number of data in a firing test. Figure 4 shows the calculation flow chart to solve Eqs. (1) to (8) 
In a ξ range of 1.0 to 2.0 in Fig. 4 (a) , Eq. (3) has multiple ξ to give a single output value. To overcome this problem, a new reconstruction method 5) was developed by Nagata et al.. Unfortunately, this method is applicable only when the ξ shift during firing is small. Because this static firing test is likely to show a large ξ shift, we cannot employ this method.
To overcome the multiple solutions problem, the theoretical value was modified in the region multiple solutions exist as shown in Fig. 5 (b) . An approximate line was drawn by linear extrapolation between ξ = 2.0 and 2.5. This modified function was employed for ξ below 2.0. Although this treatment is effective to avoid the multiple solutions problem, it can cause some error. The error due to this treatment is estimated in the subsequent section.
  Table 1 summarizes test conditions and results. Note that the nozzle exit diameter is slightly larger than the diameter at the "nozzle duct pressure port". Therefore, the nozzle exit diameters of 150 mm and 148 mm were employed in the reconstruction technique to obtain ξ and for A t , respectively. Figure 6 shows histories of chamber pressure and nozzle duct pressure by the red and green solid lines, respectively. Note that these histories are gauge pressures. The chamber pressure rapidly increases and nozzle duct pressure rapidly decreases just after the start of LOX feeding into the chamber. The rapid decrease in the nozzle exit pressure is due to the approach of the flow separation point to the nozzle exit. After the flow separation point goes out of the nozzle skirt, the nozzle duct pressure begins increasing. The stable and small nozzle duct pressure in the most part of the firing duration shows a successful optimal expansion 2) in the atmospheric pressure. Figure 7 shows histories of the nozzle throat area obtained by the present method. Black and red solid lines express result obtained by shifting and frozen calculations, respectively. The gray horizontal dot lines show initial and final nozzle throat areas, respectively. As shown in Fig. 7 , there is no difference between shifting and frozen calculations. However, the nozzle discharge coefficient λ in the shifting calculation (= 0.905) is smaller than that in the frozen calculation (=0.928) because the theoretical nozzle exit velocity obtained by the shifting calculation is smaller than that by the frozen calculation. Only the shifting calculation is used here after. Figure 8 shows pressure histories of experimental (black solid line) and calculated (blue solid line) nozzle duct pressure. To satisfy the criteria of Eq. (8), Eqs. (1) and (3) can be solved for A t . The difference of P d might be caused by modifying the relationship as shown in Fig. 5 . In Fig.7 , although the result agrees with neither the initial value (before 7 s) nor the final value, the calculation result shows a typical erosion history qualitatively. The large fluctuation in the initial 2 s is due to the start-up unsteadiness and should be ignored. 7) After this period to 4 s, the nozzle throat area is nearly constant, showing that the nozzle throat erosion started 4 s after the startup. This result agrees with Fig. 1 , showing clear discrepancy between thrust and chamber pressure histories after 4 s. The final nozzle throat diameter of 71.5 mm is 3 mm smaller than the experimental value of 74.5 mm. A main cause of this discrepancy is an insufficient accuracy in measuring the nozzle exit pressure. Table 2 summarizes sensitivities of A t to each parameter. Sensitivities are estimated by calculating the change of A t when each parameter is scaled 10%. As a reference point, A t : 3866 mm 2 at t f : 12 s was chosen. A t is most sensitive to the nozzle duct pressure as shown in Table 2 . In this static firing test, pressure sensors with rated input of 20 MPa were used, being inadequate to measure the range of 0.1 MPa. These pressure sensors have an error bias of ± 0.08 MPa, B Pd . Figure  9 shows A t histories, P d (solid line), P d + B Pd (yellow line) and P d -B Pd (blue line) being used, respectively. As shown in Fig.  9 , A t has high sensitivity to the nozzle duct pressure P d and the accuracy of the pressure sensors was insufficient. Additionally, Eq. (1) assumes 1-D flow and that pressure is radially uniform. However, the pressure is not uniform in the radius direction.
Results and Discussion
Additional error arises as a result of the modification in the profile of V e (1+1/ξ) versus ξ as shown in Fig. 5(b) . Figure 10 shows the ξ histories calculated using the modified and unmodified profiles. During the first 4 s period, ξ calculated with the unmodified profile fluctuates between 1 and 2. When λ = 0.905 and the modified profile is used, Eqs. (7) and (8) are satisfied. The ξ history with the unmodified profile in Fig. 10 was obtained by using this λ value and A t history. The total fuel mass consumption obtained from the unmodified history was 26.24 kg, being 3.04 kg heavier than the modified calculation. Therefore, the modification caused 3.04 kg error in the total fuel mass consumption. Figure 11 shows the relationship between the total fuel mass consumption M ' f and the discharge coefficient λ. The gray solid line and two red dot lines are the experimental total fuel mass consumption and the upper and lower boundaries of the error due to the modification, respectively. The modification caused error range from about 0.88 to 0.94 in λ.
Error estimation of A t was made according to the error range in λ. As a representative condition, 10 s after the startup was employed. Table 3 shows results of the error estimation. The error in the nozzle throat diameter due to the modification is ± 0.1 mm. This error is about 1.4% of the total erosion depth. The efficiency of the characteristic exhaust velocity η is obtained by Eq. (10). Carmicino et al. showed experimentally that the efficiency η is almost constant during firing except for the initial and final transients unless the flow field structure greatly changes. 7) Figure 12 shows histories of η with and without considering nozzle throat erosion by gray and black solid lines, respectively. The efficiency η without considering the nozzle erosion begins decreasing at 4 s. On other hand, the history with considering the nozzle erosion is more reasonable, being almost constant.
Finally, we compared the nozzle throat erosion history obtained by present method and by an end-point method for oxidizer to fuel ratio ξ. The end-point method uses average ξ.
The average oxidizer to fuel ratio  is calculated by Eq.
(11).
In this firing test,  is 2.57 during firing. Figure 13 shows histories of the nozzle throat area obtained by the present method (black solid line) and the end-point method (yellow solid line), respectively. As shown in Fig. 13 , the nozzle throat area of the present method is larger than that by the end-point method in the initial 5 second. Figure 14 shows specific heat ratio κ as function of oxidizer to fuel ratio ξ at each chamber pressure. As shown in Fig. 14 , κ is very sensitive to ξ when ξ is less than 2.5 and virtually independent on chamber pressure (Using the average oxidizer to fuel ratio means using average specific heat ratio for this method). Hybrid rockets are designed based on an optimal ξ (approximately 2.0 in case of polyethylene /LOX). Therefore, it is difficult to obtain the nozzle throat history when the end-point method is used as opposed to the present method. 
Conclusion
A nozzle throat erosion problem occurs in developing a 15 kN-thrust class motor. To obtain a history of the nozzle throat area in a hybrid rocket static firing test, a new method is developed. Although the specific heat ratio of the combustion gas, which depends on the oxidizer to fuel ratio ξ, is necessary to calculate a nozzle throat area, it is difficult to obtain temporal ξ in hybrid rockets. A reconstruction technique, which estimates temporal ξ, needs chamber pressure, oxidizer flow rate, and nozzle throat area as input data. These two equations are solved simultaneously to acquire two convergence calculations for the nozzle throat area and ξ. The new method was applied to a static firing test to give a nozzle throat area history. As a result, during the initial 4 s after startup, the nozzle throat area was nearly constant, showing that the nozzle throat erosion started 4 s after the startup. This result agrees with the thrust and chamber pressure histories, showing clear discrepancy 4 s after the startup. Accordingly, the present method was validated by the static firing test. 
